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Abstract
Observational effects of cosmic string loops depend on how loops are distributed in space. Cher-
noff [4] has argued that loops can be gravitationally captured in galaxies and that for sufficiently
small values of Gµ their distribution follows that of dark matter, independently of the loop’s length.
We re-analyze this issue using the spherical model of galaxy formation with full account taken of
the gravitational rocket effect – loop accelerated motion due to asymmetric emission of gravita-
tional waves. We find that only loops greater than a certain size are captured and that the number
of captured loops is orders of magnitude smaller than estimated by Chernoff.
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I. INTRODUCTION
Cosmic strings are linear topological defects that could be formed at a phase transition
in the early universe. They are predicted in a wide class of particle physics models and
can give rise to a variety of observational effects. Strings can act as gravitational lenses
and can produce discontinuous temperature changes and a B-mode polarization pattern on
the CMB sky. Oscillating loops of string emit gravitational waves – both bursts and a
stochastic background. They can also be sources of synchrotron radiation and of ultrahigh-
energy cosmic rays. Some superstring-inspired models suggest that fundamental strings may
also have astronomical dimensions and play the role of cosmic strings. String formation,
evolution, and observational effects have been extensively studied in the literature (for a
review and references see [1–3]).
Many observational predictions of cosmic strings depend on how oscillating loops are
distributed in space. In most of the literature it is assumed that the loop distribution is
uniform and is not correlated with galaxies. The loops formed by the evolving string network
initially have relativistic speeds. They are slowed down by the expansion of the universe, but
towards the end of their life they are accelerated due to the generally asymmetric emission of
gravitational waves – the so-called rocket effect. It is usually assumed that the resulting loop
velocities are too high for loops to be captured in cosmic structures. A notable exception to
this view is the work of Chernoff [4], who argued that string loops can in fact be captured
by galaxies, especially if the strings are sufficiently light (that is, have a small mass per
unit length). In particular, he finds that the number density of loops in our Galaxy could
be enhanced by a large factor (∼ 105) compared to their density in the intergalactic space.
The loops could then be much closer to the Earth than they would otherwise be, and their
observational effects, such as microlensing of stars [3, 5, 6] or gravitational waves [7, 8], could
be more pronounced.
Since Chernoff’s work of 2009, no independent analysis of loop clustering in galaxies has
been performed. In view of its importance for observational predictions, we believe that
such an analysis would certainly be useful. In the present paper we revisit the problem of
loop clustering in dark matter halos using the spherical top-hat model of halo formation
[9, 10]. This model (which was also used by Chernoff) is not entirely realistic, as it predicts
the halo density profile that differs from the Navarro-Frenk-White profile [11] suggested by
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N-body simulations. The advantage of this model is its simplicity. Moreover, the coarse
halo properties it predicts fit reasonably well with the simulations [12].
Our results are significantly different from those of Chernoff. In particular, we find that
(1) there is a lower bound on the size of loops that get captured in halos, (2) the number
of loops that end up in halos is orders of magnitude smaller than Chernoff’s estimate, and
(3) there are hardly any loops that get captured if their mass parameter is Gµ & 10−12.
The main reason for these discrepancies is the different treatment of the gravitational rocket
effect. Chernoff neglects the role of this effect in loop capture, assuming that it can only be
important for ejection of loops from galaxies. Loops are formed with large initial velocities,
but then they are slowed down by Hubble expansion, and (neglecting the rocket effect)
by the time of galaxy formation they become nearly comoving, so Chernoff finds that the
distribution of loops closely follows that of dark matter. He then shows that the rocket effect
fails to eject the captured strings, provided that the strings are sufficiently light. On the
other hand, we find that the rocket effect gives loops significant velocities which depend on
the loop’s length. Smaller loops move faster, and loops below a certain size move too fast
to be captured in galaxies. Smaller loops are also more numerous, and a lower cutoff on the
loop size implies that only a small fraction within the comoving halo can be captured.
The paper is organized as follows. In the next section we review the spherical collapse
model and discuss the choice of model parameters that we are going to use to represent dark
matter halos. Sec. III begins with a brief review of string evolution and gives a qualitative,
order-of-magnitude analysis of loop capture in collapsing halos. Then, a rigorous analytic
treatment (which confirms our order of magnitude estimates) of loop capture is provided in
Sec. IV, along with comparisons with our numerical simulation that is laid out in Sec. V.
Finally, our conclusions are summarized and discussed in Sec. VI. In particular, we discuss
the differences between our results and those of Chernoff and how our conclusions could be
affected by taking into account the hierarchical nature of galaxy formation (we argue that
this would not have much of an effect).
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II. SPHERICAL COLLAPSE MODEL
A. Model outline
We consider the evolution of a uniform spherical overdensity in a matter-dominated,
Ω = 1 (Einstein-deSitter) universe. Following the notation in Ref. [10], we assume that at
some early time ti the density is
ρ =
1
6piGt2i
≡ ρi (1)
for r > Ri and ρ = ρi(1 + δi) with δi  1 for r < Ri. We also assume an unperturbed
Hubble flow at ti: vi = Hiri with Hi = 2/3ti. Also, we only work with leading order terms
in δi.
The evolution of a comoving spherical shell r(t) of initial radius ri can be expressed in a
parametric form as
r
ri
∆(ri) = β(θ), (2)
t
ti
= d(θ)∆−3/2(ri), (3)
where
∆(ri) = δi
1 (ri < Ri)(Ri/ri)3 (ri > Ri) , (4)
β(θ) = sin2(θ/2), and d(θ) = (3/4)(θ − sin θ).
The shell reaches the maximum (turnaround) radius rta at θ = pi and begins to collapse.
The turnaround radius and time for a given shell can be found from
rta =

ri
δi
(ri < Ri)
r4i
δiR3i
= Rta
(
tta
Tta
)8/9
(ri > Ri)
, (5)
where Rta = Ri/δi and Tta = d(pi)δ
−3/2
i ti are the turnaround radius and time of the initial
overdense shell. We shall assume that a collapsing shell virializes and stops evolving when
it contracts to rv = rta/2, which corresponds to θ = 3pi/2. The mass profile M(r) at
0 < r < rv(t) is now fixed and is given by
M(r) =
4pi
3
ρir
3
i = M0

(
r
Rv
)3/4
(Rv < r < rv(t))(
r
Rv
)3
(0 < r < Rv)
, (6)
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where M0 ≈ (4pi/3)ρiR3i is the mass within the initial overdensity. We can also express the
virialized mass as a function of redshift at z < zv:
Mv(z) = M0
(
rv(t)
Rv
)3/4
= M0
(
t
Tv
)2/3
= M0
(
1 + zv
1 + z
)
. (7)
(This expression is not expected to be valid at z . 1, when the cosmological constant begins
to dominate.) As we have mentioned, the mass profile (6) is different from the NFW profile
suggested by N-body simulations, which gives M(r) ∝ ln r at large r. We will see, however,
that the region far outside of the top hat does not play much of a role in loop capture.
The mass of a top hat halo virializing at time Tv with a radius Rv can be expressed as
M0 =
4pi
3
ρiR
3
i =
16
9
D2
R3v
GT 2v
, (8)
where
D ≡ d(3pi/2) ≈ 4.3. (9)
It will also be convenient to express M0 in terms of the turnaround parameters:
M0 =
pi2
8
R3ta
GT 2ta
. (10)
The top hat halo density at the time of turnaround is
ρtophat =
3M0
4piR3ta
=
3pi
32GT 2ta
, (11)
and its overdensity compared to the FRW background at t = Tta is
ρtophat
ρFRW
=
9pi2
16
≈ 5.5. (12)
We finally give the following useful relation between the turnaround and virialization times
and the corresponding redshifts:
Tta
Tv
=
(
1 + zv
1 + zta
)3/2
=
3pi
4D
= 0.55. (13)
B. Choice of parameters
During the epoch of interest to us here, our universe is accurately described by the
LCDM model, while the spherical collapse model of the preceding subsection assumes a
flat matter-dominated (Einstein-de Sitter) universe. On the other hand, halos that we
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are interested in, collapse at z & 2 when the Einstein-de Sitter model gives a reasonably
accurate approximation. To make a connection between the two models, we use the LCDM
scale factor
a(t) =
(
Ωm
Ωvac
)1/3
sinh2/3
(
3
2
Hvact
)
= (1 + z)−1, (14)
where Ωm ≈ 0.3 is the present matter density parameter, Ωvac = 1−Ωm, Hvac =
√
ΩvacH0 ≈
0.84H0, and H0 ≈ 67 km/s ·Mpc is the present Hubble parameter. For Hvact 1 this gives
a(t) ≈ (9Ωm/4)1/3(H0t)2/3 (15)
and
3
2
√
ΩmH0t ≈ (1 + z)−3/2. (16)
With Ωm ≈ 0.3 we have
H0t ≈ 1.2(1 + z)−3/2. (17)
To assess the validity of the approximations (15) and (17), we note that keeping only the
first term in the expansion
sinhx = x+
x3
6
+ ... (18)
is accurate within ∼ x2/6. On the other hand, for z ∼ 2 we have 3Hvact/2 ∼ 0.25, so (15)
is accurate within ∼ 1%. The accuracy is even better at higher redshifts.
Our halo formation model is specified by two parameters: Rv and zv. We set Rv = 60 kpc
and zv = 3 as representative values. With this choice, M0 ≈ 3.2×1011M and the virialized
mass Mv(z) in Eq. (7) is roughly consistent with the mass assembly history for the Milky
Way at z . 3 [13]. We note that typical halos virializing at z = 3 have significantly
smaller masses, ∼ 109M. Using the observationally suggested power spectrum of density
fluctuations, as given in [15], it can be shown that our value of M0 corresponds to ∼ 2σ mass
fluctuation in the top hat. It should be noted that our choice of parameters is somewhat
imprecise, since the mass assembly history and the density profile predicted by the spherical
model are not accurate fits to observations or to N-body simulations.1 On the other hand,
the spherical model has been successfully used to account for many aspects of nonlinear
dynamics of structure formation, so one can expect that it should work reasonably well for
an approximate analysis of loop capture. We will further comment on this in Sec. VI.
1 Chernoff et. al. pointed out that in the relevant range of radii the density profile of the Milky Way can
roughly be fitted by a power law ρ(r) ≈ 109r−9/4M/kpc3. This agrees with the profile predicted by the
spherical model, ρ(r) ≈ 1.4× 103(1 + zv)3(Rv/r)9/4M/kpc3, for our choice of parameters.
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III. LOOP CAPTURE I: ORDER OF MAGNITUDE ESTIMATES
A. String evolution
Numerical simulations of string evolution indicate that strings evolve in a self-similar
manner. A Hubble-size volume at any time t contains a few long strings stretching across
the volume and a large number of closed loops of length l  t (for an up to date review
of string simulations, see [16])2. Long strings move, typically at mildly relativistic speeds
(v ∼ 0.2) and reconnect when they cross. Reconnections lead to the formation of closed
loops. The loops oscillate periodically and emit gravitational radiation at the rate
E˙ = ΓGµ2, (19)
where G is Newton’s constant, µ is the mass per unit length of string, and Γ ∼ 50 is a
numerical factor depending on a particular loop configuration. As loops loose their energy,
they gradually shrink and eventually disappear. The lifetime of a loop of initial length l is
τ =
l
ΓGµ
. (20)
Gµ is an important dimensionless parameter characterizing the strength of gravitational
interaction of strings. Gravitational waves emitted by loops over the cosmic history add up
to a stochastic gravitational wave background. Requiring that the predicted amplitude of
this background is not in conflict with the millisecond pulsar observations, one can impose
an upper bound on the string parameter Gµ [17]:
Gµ . 10−11. (21)
Loops of interest to us were formed in the radiation era. A loop formed at time tf has
length l ∼ 0.1tf .3 The smallest loops surviving at the present time t0 have lifetime τ ∼ t0
and initial length
l∗ ∼ ΓGµt0. (22)
They were formed at tf ∼ 10l∗. It will be convenient to characterize the loop length by a
dimensionless number ξ = l/l∗. Then the loop formation time is
tf ∼ 10ξΓGµt0. (23)
2 Here l is the so-called invariant length of the loop, defined as l = E/µ, where E is the loop’s center of
mass energy
3 Much smaller loops are also produced in localized regions where the long string velocity approaches the
speed of light. Such loops decay soon after they are formed and will be of no interest to us here.
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The average number density for large loops (ξ  1) of size ∼ l at redshift z in the matter
era is4 [18]
n(z, ξ) ∼ 0.5(H
2
0 Ωr0)
3/4(1 + z)3
l3/2
∼ 10−6(Gµ)−3/2ξ−3/2t−30 (1 + z)3, (24)
where Ωr0 = 9×10−5 is the density fraction in massless (light) particles, including neutrinos.
Loops are chopped off the long string network with initial velocity vf ∼ 0.3, which, relative
to the background Hubble flow, gets reduced and becomes
v0(t) ∼ vf (tf/teq)1/2(teq/t)2/3 = 2.6 (1 + z) (ξGµ)1/2 vf (25)
in the matter era. Here, teq ≈ 2H−10 Ω−1/2m (1 + zeq)−3/2 is the time of equal radiation and
matter densities5 and zeq ≈ 3440 is the corresponding redshift.
The loop motion is also affected by the rocket effect [19, 20]. Emission of gravitational
waves by a loop is generally asymmetric, resulting in a recoil force on the loop F ∼ ΓpGµ2,
where Γp ∼ 0.1Γ [20]. Hence the loop equation of motion is
v˙pec +Hvpec =
Γp
Γ ξ t0
n (26)
where n is the unit vector in the direction of the rocket force, and vpec is the loop’s peculiar
velocity. The solution of Eq. (26) is
vpec(t) = v0(t) +
3
5
Γp
Γ
t
ξt0
n (27)
with v0(t) from Eq. (25).
6
The first term in Eq. (27) decreases with time, while the second (rocket) term grows with
time. The two terms become comparable at time
tr ∼ 5ξ9/10(Gµ)3/10t0 (28)
or redshift
1 + zr ∼ 0.4ξ−3/5(Gµ)−1/5, (29)
4 Note that here we use the definition n(ξ) = ξ(dn/dξ), which is the loop density per logarithmic interval
of length. This is different from [18], where the notation n(l) is used for what we denote dn/dl.
5 We have verified that with this definition of teq Eq. (25) gives an accurate transition from radiation to
matter eras.
6 Here we have assumed FRW cosmology, i.e. H = 2/3t. In the next section we shall improve upon this
and analyze loop dynamics within the top hat rigorously.
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and the rocket term dominates afterwards. For small values of Gµ and ξ not very large,7
this happens at zr  zv, where zv is the redshift of halo virialization. Then we can disregard
the first term in Eq. (27) for the loop velocity and use
vpec(t) ∼ 0.06 t
ξt0
n. (30)
This approximation applies for
ξ  ξr ∼ 200µ−1/3−12
(
1 + zv
4
)−5/3
, (31)
where µ−12 ≡ Gµ/10−12. We shall verify that for observationally allowed values of Gµ almost
all of the captured loops satisfy this condition (see discussion in Sec. VI).
B. Loop capture within the top hat
We shall first consider loop capture in the top hat halo. We need to compare the loop
velocity vpec to the escape velocity from the halo, vesc ∼ (2GM0/R)1/2, where R is the top
hat radius. Both vpec and vesc are time-dependent: the rocket velocity grows with time, while
the escape velocity decreases as the halo expands. We shall therefore impose the capture
condition, vpec < vesc at the turnaround time Tta.
For a rough estimate, we shall assume that the loop velocity at t . Tta is not much
affected by the halo evolution and is given by Eq. (30) with t ∼ Tta. Then, using Eq. (17),
we have
vpec(zta) ∼ 0.06Tta
ξt0
. (32)
The escape velocity from the halo is
vesc ∼
(
2GM0
Rta
)1/2
=
pi
2
Rta
Tta
. (33)
Requiring that vpec < vesc, we obtain a lower bound on the size of captured loops:
ξ & ξmin ∼ 0.04 T
2
ta
Rtat0
∼ 9.2
(
Rv
60kpc
)−1(
1 + zv
4
)−3
. (34)
where we have used Eqs. (17) and (13). A more accurate estimate of ξmin will be given in
Sec. IV B, with the numerical coefficients 0.04 and 9.2 in (34) replaced by ∼ 0.1 and ∼ 25
respectively. We will use these improved values in the rest of this section.
7 We are interested in the smallest relevant values of ξ, since the loop density (24) decreases with ξ.
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It follows from the second step in Eq. (33) that loops with vpec < vesc do not have enough
time to cross the halo at t ∼ Tta. Since vpec ∝ t and the halo size at t Tta is R ∝ t2/3, the
ratio vpect/R is even smaller at earlier times. This indicates that the loops that get captured
(that is, having ξ > ξmin) are essentially comoving: their number within the top hat remains
approximately constant until the turnaround.
The number of loops captured within the turnaround radius can be estimated simply as
their number within the top hat halo at z = zi:
Nta(ξ) ∼ 4pi
3
n(zi, ξ)R
3
i ∼ 10−16(Gµξ)−3/2
(
Rv
60kpc
)3(
1 + zv
4
)3
. (35)
For zv = 3 and Rv = 60 kpc we find
Nta(ξ) ∼ 0.8µ−3/2−12
(
ξmin
ξ
)3/2
, (36)
where we have used ξmin ∼ 25. Combined with ξ & ξmin, this indicates that a substantial
number of loops (& 103) get captured in top hat halos for Gµ . 10−14, while we do not
expect any loops to be captured for Gµ & 10−12. Most of the captured loops are expected
to have the smallest size, ξ ∼ ξmin.
At the time of turnaround, dark matter particles have zero velocity and later collapse
to virialize at radius ∼ Rv = Rta/2. But captured loops have velocities up to vesc and we
expect them to settle into orbits of radii up to ∼ Rta.
C. Capture outside of top hat
Let us now consider a loop which is initially at a radius ri > Ri outside of the top hat.
The shell of initial radius ri turns around at time
t = Tta
(
ri
Ri
)9/2
. (37)
Its turnaround radius is
rta = Rta
(
ri
Ri
)4
= Rta
(
t
Tta
)8/9
. (38)
The mass enclosed by the shell is
M(t) = M0(t/Tta)
2/3 (39)
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and the escape velocity from its outer region is
vesc(t) =
(
2GM(t)
rta(t)
)1/2
= v(0)esc(Tta/t)
1/9, (40)
where v
(0)
esc is the escape velocity from the top hat, given by Eq. (33).
We note that the combination vesc(t) · t/rta(t) ∼ 1 is independent of time. This implies
that loops with v < vesc in the outer region r ∼ rta do not have time to cross that region
at turnaround. By the same argument as before, such loops are nearly comoving up to the
turnaround time. Requiring that vpec(t) < vesc(t) at turnaround, we obtain the capture
condition
ξ > ξmin(t/Tta)
10/9 = ξmin(rta/Rta)
5/4, (41)
where ξmin is the minimal captured loop size for the top hat, given by Eq.(34). The initial
radius of the region within which all loops of a given size ξ are captured is then given by
ri ∼ Ri
(
ξ
ξmin
)1/5
(42)
and the total number of captured loops of size ξ is
N(ξ) ∼ 4pi
3
r3i n(zi, ξ) ≈ 1.0µ−3/2−12
(
Rv
60 kpc
)9/2(
1 + zv
4
)15/2(
ξmin
ξ
)9/10
. (43)
This decreases with ξ slower than the number of loops captured within the top hat halo
(36), so most of the loops with ξ > ξmin are to be found outside of the halo.
We shall assume that loops turning around at r ∼ rta end up in orbits of radii r ∼
rta. Then the loops at a distance r from the center of the halo have typical size ξ(r) ∼
ξmin(r/Rta)
5/4. The density of such loops is
n(r) ∼ n (zi, ξ(r)) r3i /r3 ∝ r−33/8, (44)
where we have used n(z, ξ) ∝ ξ−3/2, ξ(r) ∝ r5/4, and ri ∝ r1/4. The loop density in
Eq. (44) decreases faster than r−3, so the total number of loops N(r) within radius r does
not significantly increase with the radius.
In a realistic LCDM cosmology, structure formation effectively ceases when the cosmo-
logical constant Λ starts dominating at a redshift zΛ ∼ 0.3. The last shell that turns around
at this time has initial radius
riΛ ∼
(
1 + zv
1 + zΛ
)1/3
Ri, (45)
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within which loops of the following size are captured (cf. (41))
ξΛ ∼ ξmin
(
1 + zv
1 + zΛ
)5/3
. (46)
Hence we expect Eq. (43) to apply for ξmin . ξ . ξΛ. For ξ > ξΛ, all captured loops are
contained within the same initial radius riΛ and their number is
N(ξ > ξΛ) ∝ ξ−3/2. (47)
The estimates for Nta(ξ) and N(ξ) that we obtained in this section are in a good agreement
with our numerical simulations (see Sec. V).
D. Loop ejection
The captured loops can be ejected from the galaxy due to the rocket effect. This happens
if the rocket acceleration gets larger than the gravitational acceleration. For a loop orbiting
the halo at radius ∼ r, this condition is
0.1
ξt0
& GM(r)
r2
=
GM0
R2v
(
Rv
r
)5/4
, (48)
where in the last step we used Eq. (6) with r > Rv. This implies that loops at r > rmax(ξ)
will be ejected, where the maximal radius rmax(ξ) is given by
rmax(ξ) ∼ Rv
(
10GM0t0ξ
R2v
)4/5
∼ 3.6Rv
(
ξ
ξmin
)4/5
. (49)
Since all captured loops satisfy ξ > ξmin, the maximal radius is rmax & 3.6Rv.
As the loops evaporate, the length parameter ξ decreases, the rocket acceleration in-
creases, and all loops eventually get ejected. The characteristic timescale for this process
however, is rather long:
tesc ∼ ξ
ξ˙
∼ ξt0. (50)
Since ξ & 25, we do not expect significant loop ejection by the present cosmic time.
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IV. LOOP CAPTURE II: EXACT RESULTS
A. Loop potential energy
The potential felt by a loop of size ξ is
V (s, α, t) = G
∫ s
0
dr
M(r, t)
r2
− H0
ξ
Γp
Γ
s cosα (51)
where s and α are respectively the radial distance of the loop and the angle between the
rocket direction and the radius vector from the center of the top hat. As before, M(r, t) is
the mass enclosed within the radius r. The last term in Eq. (51) accounts for the force due
to the rocket.
The virialization radius at time t > Tv, where Tv is the virialization time of the top hat,
is given by (see (5))
rv(t) = Rv
(
t
Tv
)8/9
. (52)
For r < rv(t) the background density has virialized and therefore the loop potential is time-
independent. The mass function is then given by Eq. (6) and the potential (51) becomes
V (s, α) =
GM0
2R3v
[
s2Θ (Rv − s) +
(
9R2v − 8
R
9/4
v
s1/4
)
Θ (s−Rv)
]
.
−H0
ξ
Γp
Γ
s cosα
(53)
For a loop to be captured, the potential must have a local minimum. It is clear from
Eq. (53) that the minimum can only occur at α = 0, and one can easily verify that it exists
only if ξ obeys a lower bound:
ξ > (H0Rv)
(
Rv
GM0
)(
Γp
Γ
)
≡ ξ∗. (54)
In this case the potential has a saddle point at α = 0 and s = smax with
smax =
(
ξ
ξ∗
)4/5
Rv. (55)
The pattern of equipotential surfaces in the vicinity of the top hat is illustrated in Fig. 1 for
ξ > ξ∗. The potential value at the saddle point is
EB = V (smax, 0) =
GM0
2Rv
(
9− 10
(
ξ∗
ξ
)1/5)
, (56)
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FIG. 1: A plot showing equipotential surfaces of the virialized potential (53) for ξ = 11 ξ∗
(shown in dashed red) with the rocket pointing to the right along the horizontal axis. The
virialized top hat halo is shown in green and the saddle point of the potential is marked by
a red dot. The black curve is the trajectory, as obtained from simulation (see Sec. V), for a
loop which is temporarily captured by a collapsing halo but eventually escapes.
which is the maximal energy that a captured loop can have. The corresponding equipotential
surface bounds the region where captured loops with a given rocket direction can be located.
Note that smax in Eq. (55) is basically the same as rmax in Eq. (49) – which is not surprising:
in both cases it is the maximal radial distance that a captured loop can have from the center
of the halo.
We also note that some loops can be temporarily captured even if they have energy
E > EB. As an example in Fig. 1, we show the trajectory of a loop of size ξ = 11ξ∗ which
orbits a few times about the halo before eventually escaping. Our numerical simulations
(described in Sec. V) indicate that this behavior is rare and requires a rather fine-tuned
initial position vector of the loop. Most of the loops are either captured or escape without
first orbiting the halo.
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B. Loop dynamics within the top hat
In this section, we re-analyze the dynamics of loops which stay within the top hat until
it virializes, rigorously. Observationally, this is an interesting set of loops since our Solar
system is well within the virialization radius of the Galaxy, and most significant observational
effects are expected to come from nearby loops. All loops that stay within the top hat until
t = Tv obey the previous Eq. (26), but with the Hubble parameter given by
H =
2 δ3/2
3 ti
cot(θ/2)
β(θ)
(57)
in terms of θ (cf. (2) and (3)). Using Eqs. (3) and (17), Eq. (26) can be recast as
dvpec
dθ
+ vpec cot (θ/2) =
0.18
d (3pi/2)
β(θ)
ξ(1 + zv)3/2
n, (58)
the solution to which is
vpec (θ) =
2Rvδ
3/2
3 ti
(
ξ∗
ξ
)(
6θ − 8 sin θ + sin 2θ
4 β(θ)
)
n+
(
δ
β(θ)
)
v0(ti). (59)
Here v0(ti) is the initial peculiar velocity of the loop (early on in the matter era) given by
Eq. (25).
We note in passing that since we now have precise dynamics of loops in the top hat model,
we can provide a more reliable estimate for ξr (cf. Eq. (31)) by comparing the two terms in
Eq. (59) at virialization (θ = 3pi/2):
ξr ' 132µ−1/3−12
(
1 + zv
4
)−5/3
. (60)
This agrees with our estimate (31) within a factor of 2.
The velocity of the loop relative to the top hat center is
v (θ) = vpec(θ) + vH(θ), (61)
where
vH(θ) =
2 δ3/2
3 ti
cot(θ/2)
β(θ)
s(θ) (62)
is the Hubble velocity and s(θ) is the position vector of the loop from the origin:
s(θ) =
si
δ
β(θ) + β(θ)
∫ θ
θi
dθ
dt
dθ
1
β(θ)
vpec(θ)
=
si
δ
β(θ) +Rv
(
ξ∗
ξ
)
β(θ) (cos θ − 3θ cot(θ/2) + 5) n. (63)
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Here we have neglected the initial velocity v0(ti), assuming that condition (60) is satisfied.
At the time of top hat virialization (θ = 3pi/2) we have
sv
Rv
=
si
Ri
+
(
9pi + 10
4
)
ξ∗
ξ
n. (64)
This equation has a simple geometric interpretation. Loops that were initially uniformly
distributed within a sphere of radius Ri are distributed at t = Tv in a sphere of radius Rv
which is displaced from the top hat sphere by the vector b =
(
9pi+10
4
)
ξ∗
ξ
Rvn. In order to
have any loops remaining within the top hat at t = Tv, we must have b < 2Rv. This yields
a lower bound on ξ8:
ξ >
9pi + 10
8
ξ∗ ≡ ξmin ' 24.6
(
Rv
60 kpc
)−1(
1 + zv
4
)−3
. (65)
Now let us consider all those loops that stay within the top hat until virialization. The
velocities and potential values of such loops at Tv are respectively
vv = −
(
GM0
Rv
)1/2 [(
4
9pi + 10
)
ξmin
ξ
n+
si
Ri
]
, (66)
Wv =
GM0
2Rv
[(
si
Ri
)2
+
(
36pi + 8
9pi + 10
)(
ξmin
ξ
)2
+
(
36pi + 24
9pi + 10
)
ξmin
ξ
si
Ri
cosαi
]
. (67)
In order for such loops to be captured, the total energy Ev carried by them at Tv must be
smaller than the bounding energy EB (cf. (56)):
E˜v =
1
2
v2v +Wv ≈
GM0
2Rv
[
2
(
si
Ri
)2
+ 3.17
(
ξmin
ξ
)2
+ 3.8
(
ξmin
ξ
)(
si
Ri
)
cosαi
]
. GM0
2Rv
(
9− 7.31
(
ξmin
ξ
)1/5)
(68)
This is indeed satisfied for all loops that stay within the top hat until Tv.
It should be noted that this comparison of energies to verify capturing is only strictly
valid when the relevant part of the background region has virialized – that is, if the radius
rv(t) has extended beyond the saddle point of the potential. This is not true at Tv, but we
note that most of the loops at Tv have their velocities directed towards the center of the
halo (see Eq. (67) with ξ > ξmin). By the time these loops cross the halo and emerge on the
other side, the virialization radius would extend further out.9 Our numerical simulations,
discussed in the next section, indicate that all such loops are indeed captured.
8 This is the improved estimation of ξmin we mentioned earlier
9 The virialization radius will also extend while some of the loops are bouncing around in the halo region,
as discussed at the end of Sec. IV A.
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All loops with ξ < ξmin will have necessarily crossed the top hat before Tv. Numerical
simulations suggest that all such loops escape to infinity. There are also some loops with
ξ > ξmin which cross out of the top hat before Tv. Some of these loops get captured and
some escape. Note also that for ξ  ξmin the two spheres discussed below Eq. (64) nearly
overlap, implying that all loops with ξ  ξmin that were initially within the top hat will get
captured.
C. Number of captured loops within top hat
With the aid of Eq. (64), the condition for loops to remain within the top hat until
virialization can be expressed as
(
si
Ri
)2
+ 4
(
ξmin
ξ
)2
+ 4 cosαi
(
si
Ri
)(
ξmin
ξ
)
< 1. (69)
As we have discussed, all such loops are captured, and we expect them to settle into orbits
of radii . Rv. The number of such loops having size ∼ ξ is equal to
Ntophat(ξ) = 2pi n(zi, ξ)R
3
i
∫ 1
−1
dζ
∫ 1
0
dλ λ2 Θ (constraint (69)) , (70)
where again,
n (zi, ξ) =
H30 (1 + zi)
3
2 ξ
3/2
min
(
Ω
1/2
r0 ξmin
ΓGµξ
)3/2
(71)
is the initial homogeneous density of loops and we have defined ζ ≡ cosαi and λ ≡ si/Ri.
This can be easily evaluated and is equal to
Ntophat(ξ) =
4pi
3
n(zi, ξ)R
3
i
[
1− 3
2
(
ξmin
ξ
)
+
1
2
(
ξmin
ξ
)3]
≈ 1.0µ3/2−12
(
1 + zv
4
)15/2(
Rv
60 kpc
)9/2(
ξmin
ξ
)3/2 [
1− 3
2
(
ξmin
ξ
)
+
1
2
(
ξmin
ξ
)3]
.
(72)
It rises very sharply and peaks at around ξ ' 2.2 ξmin, and agrees well with numerical
simulations (see Fig. 5).
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V. NUMERICAL SIMULATIONS
Here we shall first briefly discuss our simulation setup. We work with dimensionless
quantities, so we define the positions and times in units of Rv and Tv respectively:
s˜ ≡ s/Rv
τ ≡ t/Tv. (73)
In order to evolve loop trajectories, we need the background (time dependent) mass con-
tained within the radius of loop’s current location. Since there are no shell crossings in
the top hat model (and hence mass within any comoving shell is conserved), we can invert
Eq.(2) to obtain the mass as a function of s˜ and τ (in units of M0):
M(s˜, τ) = M0

(
s˜
2β(θ(τ))
)3
s˜ < R(t)/Rv(
s˜
2β(θ2(τ, s˜))
)3/4
s˜ > R(t)/Rv
(74)
Here, θ(τ) and θ2(τ, s˜) are obtained by inverting
τ =
d(θ)
D
, and τ
(
1
s˜
)9/8
=
d(θ2)
D
(
1
2β(θ2)
)9/8
(75)
respectively, and are monotonically increasing functions of their arguments (until the maxi-
mum value of 3pi/2 at virialization of the corresponding mass shell). With such a rescaling,
we don’t need to specify the initial overdensity δi  1 of the top hat, and the initial time ti
(in the matter era) anymore.
As before, we neglect the initial loop velocity. This makes the problem effectively 2-
dimensional and the motion of a loop can be restricted to xy-plane, with x pointing in the
rocket direction. We can therefore use the coordinate definitions
x˜ ≡ s˜ cosα,
y˜ ≡ s˜ sinα, (76)
where α is the angle between the loop’s position vector and the rocket direction. Finally
then, given the potential Eq.(51), loops obey the following equations of motion
x˜′′ =
16D2
9
[
− x˜
s˜3
M(s˜, τ)
M0
+
ξ∗
ξ
]
y˜′′ =
16D2
9
[
− y˜
s˜3
M(s˜, τ)
M0
]
, (77)
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where primes stand for derivatives with respect to τ .
We scan various initial positions {s˜i, αi} and assign corresponding initial Hubble velocities
in the radial directions, on top of the initial peculiar rocket velocity in the x-direction. For
a given loop size and different initial conditions, we can be sure that once the virialization
radius r˜v extends beyond the saddle point s˜max (which happens at times τmax = (ξ/ξ∗)9/10),
no loops that are outside of the bounding region, defined by the equipotential surface V =
EB, can ever be captured. The converse however is not true: some loops within the bounding
region eventually escape. We therefore extended the simulation beyond τmax for sufficiently
small values of ξ: we ran it until τ = 10 for ξ . 14ξ∗ ∼ 3ξmin and until τmax for larger
loops. All loops of a given size, that remain within the bounding region at the end of the
simulation are declared captured. All other loops are regarded as escaped. With the setup
laid out, we now present our results.
We first present figures 2, 3,4, which illustrate loop dynamics for ξ below and above ξmin.
We used zv = 3 and Rv = 60 kpc, giving ξmin ≈ 24.6. The right panel of Fig. 2 shows the
loop distribution at t = 4Tv resulting from the initial distribution shown in the left panel
for ξ ≈ 24.5, which is slightly below ξmin. Our color code is that blue and red dots represent
loops that were captured and that escaped, respectively. We see that no loops were captured
in this case.
Fig. 3 illustrates the same dynamics for ξ ≈ 24.7, which is slightly above ξmin. Here we
see that almost all of the loops escape, with only a handful getting captured. Finally, Fig. 4
shows the loop distribution at t = 8Tv with the same kind of initial setup and ξ ≈ 56.6. In
this case, most of the loops which were initially within the co moving top hat radius end up
being captured. Note that a few loops within the bounding region at t = 8Tv are marked
red, indicating that they escape by the end of simulation at t = 10Tv. This includes the
loop whose trajectory is shown in Fig. 1 and is highlighted with a red colored star. Such
loops orbit the halo for a while before eventually escaping. These loops occupy a very small
portion of the initial configuration space near the boundary of the top hat and thus have
little effect on our results.
Next, we plot the number of captured loops as a function of loop size ξ in Figure 5. The
figure shows that the number of captured loops rises sharply as ξ becomes bigger than ξmin
and eventually dies out as ξ−3/2. Therefore, the most abundant loops are of sizes ∼ ξmin. It
is also apparent from this figure that our analytical estimates are quite accurate, both for
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FIG. 2: Loop distribution in the configuration space {s, α} for ξ = 4.76 ξ∗ which is just a
little smaller than ξmin. Left panel shows the initial distribution, while the right panel
shows all these loops at t = 4Tv. Black curve is the boundary of the bounding region. Red
dots represent all the loops that escape the bounding region by the end of simulation. It is
evident that no loops are captured.
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FIG. 3: Same as in Fig. 2 for ξ = 4.80 ξ∗ which is a little larger than ξmin. Red and blue
dots represent loops that escaped and that get captured, respectively. Only a few marginal
loops are captured.
the total number of captured loops, and for the subset that remained within the top hat
until Tv (of a given size).
The total number of captured loops (of any size) can be estimated as
Ntot ∼
∫
dξ
ξ
N(ξ). (78)
This can be integrated numerically using the dark blue data points in Fig. 5, and the result
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FIG. 4: Same as in Fig. 3 for ξ = 11.00 ξ∗ ≈ 2.3ξmin, except that the snapshot in the right
panel is now at t = 8Tv. Almost all loops that were initially within the co moving top hat
radius get captured. The loop whose trajectory is shown in Fig. 1, is marked as a star.
is
Ntot ∼ 0.6µ−3/2−12
(
Rv
60 kpc
)9/2(
1 + zv
4
)15/2
. (79)
VI. SUMMARY AND DISCUSSION
We studied capture of cosmic string loops in collapsing dark matter halos using the
spherical top hat model of halo formation. We fully accounted for the rocket effect – the
loop acceleration due to asymmetric emission of gravitational waves by the loop – and
found that it does not prevent loop capture, provided that the string mass parameter Gµ is
sufficiently small and the loops are sufficiently large.
We characterize the loop size by the dimensionless parameter ξ = l/l∗ & 1, where l is
the invariant length of the loop and l∗ ∼ ΓGµt0 is the characteristic length of the smallest
(and the most numerous) loops surviving at the present time t0. We find that loops can be
captured in the halo of a galaxy like the Milky Way only if ξ & ξmin ∼ 25. The unperturbed
density of such loops is ∼ 100 times smaller than that of the smallest loops with ξ ∼ 1, and
the expected number of captured loops is decreased correspondingly. The total number of
loops captured in the halo is estimated as
Ntot ∼ 0.6
(
Gµ
10−12
)−3/2
. (80)
The dependence on Gµ in Eq. (80) is simply due to the fact that the initial unperturbed
21
1 2 5 10
1
10
100
1000
104
ξ/ξmin
N
um
be
ro
fc
ap
tu
re
d
lo
op
s
(forR
v
=60
kp
c
an
d
z
v
=3)
FIG. 5: The number of loops captured as function of loop size ξ for Gµ = 10−15, Rv = 60
kpc, and zv = 3. The lighter blue dots represent all captured loops assuming secondary
infall continues until the end of the simulation. This gives ∼ ξ−9/10 behavior. The dark
blue dots represent the subset of loops on which we have imposed the condition ri < riΛ
with riΛ from (45) (that is, we discarded the loops which do not satisfy this condition).
The green dots represent the subset of loops which remain within the top hat until Tv. The
solid green line is the analytical estimate (72), while the dashed blue line is the analytical
estimates (43), (47). For other values of Gµ, the data points and the analytic curves
should be rescaled by a factor (Gµ/10−15)−3/2.
density of loops scales like (Gµ)−3/2. There are hardly any loops captured for Gµ ∼ 10−12,
while a substantial number of them may get captured for smaller values. The most abundant
size of captured loops within a halo is ∼ ξmin given by (65). Assuming that the loops are
distributed more or less uniformly within the turnaround radius of the halo, Rta ∼ 120 kpc,
the average loop density within this radius is
nta ∼ 10−7
(
Gµ
10−12
)−3/2
kpc−3. (81)
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It is about 10 times higher than the present density of loops (of length ξ ∼ 1) in the inter-
galactic space (but 100 times smaller than the density predicted by the Chernoff model at
this distance from the Galactic center). This modest density enhancement can be under-
stood as follows. Most of the captured loops have sizes ξ ∼ 25, so their density is reduced
compared to that of the most numerous loops (with ξ ∼ 1) by a factor ξ−3/2 ∼ 10−2. These
loops are approximately comoving until the halo turnaround at zta ≈ 5, so their density is
enhanced by the factor (cf. Eq. (13)) (9pi2/16)(1 + zta)
3 ∼ 103. Combining the two factors
we obtain an order of magnitude enhancement.
We used a simple spherical model to describe the halo evolution. As we mentioned in
Sec. II.B, the choice of parameters zv and Rv for this model is somewhat imprecise, since the
predictions of the model do not provide accurate fits to observations or N-body simulations.
Even at the qualitative level, the model does not account for the hierarchical nature of
structure formation. According to hierarchical models, dark matter halos form by accretion
and mergers of smaller halos. It is possible then that the number of captured loops is
larger than our estimates if smaller halos, formed at higher redshifts, capture loops more
efficiently than the large halo of the galactic size. Furthermore, simulations suggest that
dark matter halos are assembled from inside out, with dense central parts being assembled
first [21]. Then it is possible that the density of loops grows significantly towards the galactic
center. Chernoff [4] suggests that it may grow proportionally to the dark matter density,
in which case it would be 100 times higher at the location of the Sun (r ∼ 8 kpc) than
at r ∼ 120 kpc. A definitive verdict on these issues would require combining numerical
simulations of loop dynamics with N-body simulations of galaxy formation. However, we
believe that our analysis here can be used to yield some plausible answers.
We first introduce the loop capture efficiency χ, defined as the fraction of loops initially
in the comoving halo which eventually get captured, with only loops surviving until present
being counted. For halos virializing at redshift z, the efficiency is
χ(z) ∼ ξ−3/2min (z) (82)
where ξmin(z) = ξmin(Rv(z), z) is given by Eq. (65) and Rv(z) is the characteristic virializa-
tion radius of halos virializing at that redshift. The radius Rv(z) can be estimated using the
standard method of relating the top hat model to linear perturbation theory, as reviewed
for example in Ref. [14]. We plot the resulting quantity ξmin(z) in Fig. 7 for halos arising
23
from 1σ and 2σ fluctuations.10 In both cases it grows with the redshift, indicating that
capture of loops in high-redshift halos is less efficient. Furthermore, even though our galaxy
might have originated from a ∼ 2σ fluctuation, the subsequent mergers are likely to be with
typical, 1σ halos, for which ξmin(z) is further increased. We conclude that loop capture
is rather inefficient in the early halos, so most of the loops are captured during the later
collapse of the galactic dark matter halo. We therefore do not expect that accounting for
the hierarchical nature of galaxy formation would significantly modify our estimates of the
total number of captured loops.
A related but different issue is that of the loop density in early halos. The unperturbed
loop density for halos virializing at large z is high (∝ (1+z)3), and even if loops are captured
at low efficiency, the loop density enhancement in early halos could be an increasing function
of z. This enhancement (compared to the average density of loops with ξ ∼ 1 at present) is
f(z) ≈ (9pi2/16)[1.5(1 + z)]3ξ−3/2min (z), (83)
where we have used that (1 + zta) ≈ 1.5(1 + zv). It is plotted in Fig. 8 for 1σ and 2σ
fluctuations. For 2σ halos we see that f(z) grows by about a factor of 2 as the redshift
varies from z = 3 to z ∼ 5, then it stays nearly flat until z ∼ 10 and drops sharply at higher
redshifts. For 1σ halos we have f(z) < 1 in the entire range of z, so the density of captured
loops in such halos is even smaller than the average density of loops in the intergalactic
space. We conclude that the loop density in early halos is not substantially enhanced, and
thus we do not expect a significant loop density enhancement towards the galactic center.
We now comment on some other simplifying assumptions that we adopted in our analysis.
(i) We assumed that loops of a given length l were formed at the same time tf ∼ 10l
with initial velocities vf ∼ 0.3. More realistically, loops are formed with a distribution of
sizes and velocities. We do not expect this simplification to substantially affect our results.
(ii) We assumed that the initial velocities are greatly redshifted by the time of halo
collapse, so they can be neglected. The condition for this to be justified is given by Eq. (60):
ξ  ξr ∼ O(102)
(
Gµ
10−12
)−1/3(
1 + zv
4
)−5/3
. (84)
This condition is satisfied for galactic halos virializing at zv . 3 and the most numerous
captured loops (i.e. of sizes ξ ∼ ξmin ∼ 25) for Gµ . 10−12. Note also that we find that
10 For the calculation of Rv(z) we used the cosmological parameters and the power spectrum of density
fluctuations suggested by the best fit to the 9 year WMAP data, as given in [15].
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FIG. 6: A plot summarizing various ξ’s. ξ∗ (and therefore also ξmin) is obtained for 2σ
halos using [15]. Grey region is the ‘no capture’ region where no loops can be captured.
The blue and red dashed curves are the values of ξr in Eq.(60) for Gµ = 10
−12 and 10−15
respectively, such that the containing shaded regions are where the rocket effect is
dominant (and thus our estimates are accurate). Since most of the captured loops are of
sizes ∼ ξmin, this plot shows that neglect of the initial peculiar velocities of loops is well
justified.
almost no loops are captured for Gµ & 10−12 and that including loop’s initial velocities
can only decrease the number of captured loops. We therefore expect our estimates for the
number of captured loops to be accurate. The range of values of ξ and zv for which the
condition (84) is satisfied is shown in Fig. 6 for representative values of Gµ = 10−12 and
10−15.
(iii) We assumed that the rates of energy and momentum radiation, characterized by the
parameters Γ and Γp, as well as the direction of the rocket force, remain constant throughout
the relevant part of the loop’s lifetime. These parameters are expected to change on a
timescale comparable to the lifetime, so this assumption is well justified, especially for large
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FIG. 7: ξmin vs redshifts for 1σ and 2σ halos.
loops with ξ  1. We also assumed that the values of Γ and Γp are the same for all loops.
More realistically, we expect a distribution of values, and loops with smaller values of Γp/Γ
will have a smaller rocket force and will be more readily captured. The distribution for Γp/Γ
is presently unknown; it may significantly influence the loop capture.
We finally summarize the differences of our results from those of Chernoff [4]. Chernoff
found that clustering of loops is essentially independent of their size and that the density
distribution of loops in the galaxy follows that of dark matter, with an overall correction
factor β which depends only on Gµ. As Gµ varies from ∼ 10−10 to ∼ 10−15, β changes
from near zero to 0.4 and saturates at that value for Gµ < 10−15. This picture is rather
different from our conclusions. The main reason for this discrepancy is that Chernoff ignores
the rocket effect before and during halo collapse and only considers its role for ejection of
captured loops. On the other hand, our analysis shows that the rocket effect plays a dominant
role for Gµ . 10−12, so we adopted the opposite approximation of neglecting loop initial
velocities.
These differences have important implications for observational effects of loop clustering.
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FIG. 8: Density enhancement factor f(z) of captured loops, for 1σ and 2σ halos.
According to our picture, the distance to the nearest loop is
d ∼ n−1/3ta ∼ 200
(
Gµ
10−12
)1/2
kpc, (85)
while Chernoff’s picture gives d ∼ 10(Gµ/10−12) kpc at the Sun’s location. With our
estimates, detection of nearby loops by their gravitational wave signal or by microlensing of
stars would be more challenging than suggested by Refs. [3, 5–8].
It should be noted that loop density could be significantly enhanced if instead of ”ordi-
nary” field theory strings (which we assume here) one considers cosmic superstrings [3, 5].
This is due to the following two factors: superstrings have a low reconnection probability,
resulting in a higher density of loops, and superstring models typically predict the formation
of a number of different string species. We also note that the observational implications of
loop clustering have been discussed so far only in relation to gravitational effects of strings.
But cosmic strings are likely to be superconducting [22], in which case they can have a non-
trivial interaction with the magnetic field of the Galaxy. The resulting observational effects
may be more easily detectable. This issue deserves further investigation.
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